We consider the problem of mathematical modelling of ows of loan portfolio payments. We assume that the change in the quality of each loan is described by a simple Markov chain with a nite number of states. In this case, the ow of loan payments is a random process, which depends on the Markov chain. On the basis of the proposed model and known relations of the stochastic systems theory, we describe the expected ows of payments of the entire loan portfolio and construct a method to forecast the expected return (net present value) of the portfolio. We analyze an accuracy of the obtained model and a sensitivity of net present value of the portfolio to a change in the transition probabilities in the Markov chain.
Introduction
Multistage systems, which are associated with the Markov chains, describe a wide range of mechanical, physical and economic processes. In particular, the dynamics of the loan portfolio structure can be investigated within the framework of the model of a simple Markov chain.
In order to forecast the quality of the loan portfolio, the use of migration factors (migration matrix) was proposed in [1] . In this document, as well as in the subsequent works of this direction, [2, 3] the period of the quality change is 1 year, and there are groups by the value of the loan rating, therefore the quality of the loan is determined by the group associated with the loan. The loan rating levels are denoted by the letters AAA, AA etc. up to D (default), and the matrix of transitions (migration) is calculated on the basis of long-term market observations [2] .
This approach is mathematically formalized as a Markov chain with a discrete time and a nite number of states. Herewith, the matrix of transition probabilities in the Markov chain is assumed to be constant and is taken equal to the migration matrix. A signicant number of papers are devoted to methods of estimating the migration matrix [4] and conducting their comparative analysis [5] .
Criteria for checking the adequacy of the stationary model of the Markov chain by statistical data on the number of transitions are formulated in the classical paper [6] . Many authors note that the assumptions of standard model in describing changes in the quality of loans are not fully satised [7] , and propose to use hidden Markov chains [8] , double Markov chains [9] , Markov chains with variable probabilities [7] and to take into account the uncertainty of the transition matrix coecients [10] , etc.
Nevertheless, bank analysts often use the classical model of Markov chain for forecasting loan risks, but not the complicated versions of the model. Markov random process in the form of a simple chain is used in the papers [4, 11] for modelling the behaviour of bank borrowers. In the paper [4] , the loans are splitted into groups depending on the availability and the terms of debt on the loans. Nowadays, Markov model of the loan portfolio with the distribution of loans by groups depending on the availability and terms of the debt is used to analyze portfolios of consumer loans, and migration analysis has entered in banking practice (including Russian one) as a tool to forecast the loan risk [12] and determine the level of required reserves [12, 13] . Both these indicators are closely related to the portfolio structure, that is, to the probability that a loan is in a particular group of loans. By most analysts, the risk of the loan portfolio is assumed to be equal to the expected share of problem loans over a xed period of time. This indicator is calculated directly on the basis of the Markov model. It provides a wide application of the model by foreign and Russian researchers.
Bank lending to individuals and legal entities can be considered as an investment process, the parameters of which are determined by the conditions of the loan, including the interest rate on loans, conditions for the approval of applications, etc. In nancial analysis, the return evaluation of investment projects is based on the analysis of payment ows and their quantitative indicators [14] , one of which is the net present value of the project (N P V ).
In the papers of Western analysts, forecasting the assets return using the Markov model is based on a combination of migration analysis and a model of changing the value of a nancial asset in the form of a Wiener process [1, 15] . Such models are used to analyse lending to rms, i.e. legal entities in the terminology of the Bank of Russia.
As opposed to these papers, we consider a specic ow of payments generated by the portfolio of homogeneous consumer loans under the following assumptions. First, the change in state (by the presence and duration of overdue payments) of a randomly chosen loan is described as a Markov chain. Second, payments under the contract are calculated by the formula of annuity payments and are completely determined by a sequence of the Markov chain states.
The Problem Statement
Suppose that a state of the investment project is described by the Markov process with discrete time ξ t = {ξ(1), . . . , ξ(t)}. We assume that return (cost) A(t, ξ t ) of the project at time t is determined by a random process ξ t . Amount of initial investment A(0) is assumed to be given and negative (investment in the project). The positive value of A(t, ξ t ) means prot received in the period t, and negative value means costs.
In the nancial analysis, one of the characteristics of income from investment project for the period [0; T ] is a net present value of the project (N P V (T )) calculated by the following formula [14] :
where r is a discount factor in one step. A risk-free interest rate for a single period of time is taken as a discount factor. In the formula (1), it is assumed that the risk-free interest rate r is constant, although in reality this parameter can change depending on the time period.
In order to describe dynamics of the loan portfolio structure and risk assessment, the mathematical model of a simple Markov chain is used [10] . The portfolio is divided into k groups, for example: Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, 3. Ñ. 5466 1) loans without overdue debts, including new ones;
2) loans having overdue up to 30 days;
3) loans having overdue from 31 to 60 days; 4) problem loans (i.e., having overdue more than 60 days); 5) repaid loans.
The group "repaid loans" is introduced to complete the description of the transitions.
Note that modelling within the framework of the Markov chain assumes that any "randomly chosen" credit passes from one group to another in a random way in accordance with the given probabilities p ij .
Let us consider the case when payments are described by a dynamical system depending on a simple Markov chain ξ(t). Let ξ t be a Markov chain with k possible states. A probability that the system is in the i-th state at time t is denoted by x i (t). Let {e 1 , . . . , e k } be a unit basis in R k . If the chain ξ t is in the i-th state at time t, then ξ(t) = e i . Consequently, the probabilities of states can be written as
Here and hereinafter we let P(A) be a probability of the event A, and E(ζ) be an average of distribution of a variate ζ.
Denote by p ij (t) a probability of the object transition from the state S i at time t to the state S j in one step
We assume that these probabilities are constant, i.e.
Denote the state probability vector by
where ⊤ is the transpose sign, and (k × k)-matrix of transition probabilities by P = {p ij }. Note that x(t) = E(ξ(t)), where E is an average of distribution sign.
Dynamics of the probabilities of the Markov chain states can be written in the form:
The matrix of transition probabilities P is estimated on the basis of statistical data on the number of transitions. A feature of the functioning of many technical and economic systems that depend on the object state (described by a simple Markov chain) is the following. The output of the system at time t + 1 depends not only on the current state of the system, but also on its previous state. For a discrete process such dependence can be written in the following form:
Let C be a matrix of values {c ij }. Then the equality (4) is written in the form
Our goal is to describe mathematically the ows of the loan portfolio payments in the form of a Markov process with discrete time and to obtain an algorithm for estimating the expected income (net present value).
The article considers a portfolio of homogeneous loans issued in one period, loan agreements are based on an annuity payment scheme. We assume that the model of the Markov chain with constant transition probabilities adequately reects a change in structure of the credit portfolio. We do not take into account the incompleteness of information on transition probabilities, as well as the changes in transition probabilities due to a change in situation on the market, because these issues are beyond the scope of this study.
Multi-Step Model of Payment Flows
In order to calculate N P V (T ) we consider a random process B(t, ξ t ) connected with the initial one A(t, ξ t ) by the following rule:
, where B(T, ξ t ) is determined by the equation (6) for
, a(0) = 1.
The problem of estimating the net present value of the project is a special case of a more general problem. If we consider the general problem of estimating the multistep system dynamics (6), depending on the simple Markov chain ξ t , then the process B(t, ξ t ) takes its values in the space R m . The equation (6) for this case takes the form:
where ξ t is a discrete Markov chain which dynamics is given by the transition probabilities (2) and the initial probability distribution x(0). The amount of payment under the contract A(t, ξ t ) for a particular loan at time t depends on the residual amount of the principal debt under the contract D(t), as well as on the groups where the transition will take place.
In turn, the residual amount of the debt D(t + 1) at time t + 1 is determined by the amount of debt at time t, the terms of the contract and the amount of payments in the period (t; t + 1].
Consequently, for a particular loan, N P V (T ) = B(T, ξ T ) is a random value and is described by the stochastic equation (8), if the random process ξ t satises the equation (2) .
Suppose that the loans are issued on the basis of the annuity schedule of payments, that is, monthly in accordance with the contract the same sum d = k b D(0) should be paid, the coecient k b is calculated by the formula:
where b is monthly interest rate on the loan, τ is a term of the contract in months.
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During each month, a contract, described as the Markov chain ξ(t), either remains in its own group, or goes into another one. At the same time, the amount of principal debt D(t) = D(t, ξ t ) depends on the volume and timeliness of the previous payments on the loan, that is, the amount depends on the loan amount D(0) and the entire pre-history ξ t . Let us describe the payments ow within the framework of the accepted symbols.
If the annuity payment under the agreement is paid timely, then 1) amount of payment received by the bank is A(t + 1,
2) amount of debt under the contract is reduced, while interest for 1 period is paid:
3) group number (for the 1st group the 3rd group) does not change.
If the annuity payment under the agreement was not paid timely, then:
1) bank does not receive anything:
2) amount is increased, because interest is accrued on this amount for one month. Let us take into account the amount of interest in the total amount of the loan debt, without distinguishing interest and principal amount of debt:
3) the group number (for the 1st group the 3rd group) is increased by 1, number of the problematic loans group does not change.
If the borrower has repaid the entire debt, then 1) amount of payment received by the bank is A(t + 1,
2) debt amount becomes zero: D(t + 1, ξ t + 1) = 0;
3) loan passes in the last group "of the repaid loans".
For example, if the debt for 2 months (after the missed payment) is repaid, then the group number is reduced and the amount of payment received by the bank is 2d. Also, a reduction of the group number by 2 means that the repaid amount of payment is 3d, etc. In this article, we do not consider the possibility of partial early repayment of principal debt under the loan, which can also be taken into account within the framework of the proposed probabilistic model.
The amounts of payments under the contract A(t, ξ t ) present the ow of payments. The described ow of payments can be written in the form (5) . For the considered division into groups, the ow has the following form:
where The change in the amount of debt under the contract D(t, ξ t ) also depends on the groups where the transition occurs and can be described within the framework of a multistep Markov process of the form (8), depending on a simple chain ξ t :
D (0) is given. The process stops if there is a transition to the absorbing state (for the considered scheme in the 5th group of loans). Therefore, the net present value of one loan contract is determined from the dierence equations (8), (10) (11) and depends on the Markov chain ξ T .
In order to calculate the expected return of the portfolio N P V (T ), it is necessary to analyze the mathematical expectation E (B(T, ξ T ) ), because the number of loans is high, and we assume that payments under the loans (or delays in payments) occur independently. The initial probability distribution x(0) of the Markov chain is set and determined by the ratio of loans groups in the portfolio at the beginning of the period.
If the matrix of transition probabilities is given, then the expected net present value of the portfolio N P V (T ) = E(B(T, ξ T )) is determined based on the traditional approach to calculate the statistical moments of a multistage system. In many cases, the matrix of transition probabilities P is not exactly given in the description of the Markov chain dynamics (2) . Herewith, in order to solve the problem of estimation of an average expected return of the portfolio, the methods and algorithms of the theory of dynamic systems estimation under incomplete information should be used [16] .
Dierence Equations for Expected Portfolio Return
Consider the relations for calculating the mathematical expectation E (B(t, ξ t ) ). In accordance with the stochastic equation, the return value under the contract B(t, ξ t ) depends on ow of payments A(t, ξ t ), which is determined by the initial sum D(0) and the stochastic dierence equations (10) (11) .
Denote the conditional mathematical expectations by
E(A(t)|ξ(t) = e i ) = A i (t), E(D(t)|ξ(t) = e i ) = D i (t).
We consider a portfolio including loans of one generation (issued in one month) and for about the same amount. LetD(0) be an amount of all loans issued. At the initial moment, all loans are new. Therefore, they belong to the rst group of loans and ξ(0) = e 1 .
Suppose that we consider the portfolio as a whole. Then, the accepted notations imply that A i (t + 1) is the expected amount of payments for the period t → t + 1, which comes from loans that turn out to be at i-th group at the time t + 1. Similarly, D i (t + 1) is the amount of debt at time t + 1 for the i-th group of loans.
The dierence equations of conditional ones for the mathematical expectations A i (t), D i (t) are obtained from the linear equation on the basis of a general approach to the description of the moments of a stochastic linear dynamical system that depends on the Markov chain [17] .
The equation (10) and the form of the matrix C 2 imply that the expected amount of payments on loans that turn out to be in the j-th group (j = 1, . . . , 4) is
is an annuity payment coecient, which is determined by the interest rate on the loan b by the formula (9), x i is an expected share of loans in the i-th group at time t. Dynamics of portfolio shares is described by the equation (3). Let us write, for example, the expected amount of payments for loans that turn to be in the 1st group at the time t + 1. The equation (12) implies that the expected amount of payments for the previous month is
The expected payment on the loans transferred to the group of repaid loans is
From the equation (11), we obtain the ratios for the amounts of debt under contracts in the j-th group (j = 1, . . . , 4) for the period t + 1
The amount of debt under contracts of the 5th group (repaid loans) is always zero:
Taking into account the formula of repeated mathematical expectation, the total payments on the portfolio arē
A(t) = E(A(t, ξ(t)) = E(E{A(t, ξ(t))|ξ(t) = e
The amount of debt (taking into account the interest) is found from the relation
D(t) = E(E{D(t, ξ(t))|ξ(t) = e
where D i (t) satisfy the equations (14) . Therefore, the dierence equations (3), (12) (14) describe ow of payments, change in the amount of debt by groups and change in the number of contracts in groups. For the considered case with ve groups of loans, we obtain 15 dierence linear equations that describe the dynamics of the portfolio structure, expected amounts of debt and payment ows by groups.
In order to calculate the portfolio return, we summarize the payment ows for all groups in accordance with the equalities (15) and (16) . Taking into account the previously obtained equation (6) for the expected net present value of the portfolio, we obtain the linear dierence equation for calculating E(N P V (T )) =B(T ), wherē
B(t + 1) =B(t) + a(t + 1)
The introduced equations (12) (14), (17) allow to forecast the risk and return of the portfolio in conditions, when the matrix of transition probabilities P is known.
In the article [18] , the ow of payments of the loan portfolio is described in another form, because the authors use the probabilistic model of the loan portfolio, based on the denition of the portfolio shares {x
} by the ratio of the principal debt
where D i (t) is an amount of the principal debt at time t for loans of the i-th group. Herewith, the transition probabilities are calculated on the basis of transitions of principal debt amounts from group to group:
where D ij (t) is an amount of the principal debt for loans transferred from the i-th group to the j-th for the period [t, t + 1). Some banks use the formulas (18)(19) in order to forecast dynamics of the portfolio structure. In addition, such determination of the portfolio shares allows simply describe the ow of payments on the loan portfolio by change in portfolio shares determined by the formula (18) [18] . However, the formula (18) does not fully correspond to the classically dened probability of the state S i of the simple Markov chain. Similarly, the formula (19) does not correspond to the classically dened transition probability p ij , which is dened as the probability of the "object" transition from the i-th group to j-th in 1 step.
We use the classical model of the Markov chain and understand "the object" as a randomly chosen loan, which change its quality (a group of loans) randomly, regardless of prehistory. The transition probabilities p ij are determined by the formula (2) and are estimated by the observed frequencies w ij , where
n ij (t) is a number of objects (loans) that transit from the i-th group to j-th group for the period [t, t + 1), n i (t) is the total number of objects in the i-th group at the beginning of the period. The determination of portfolio shares by the number of loans in each group does not allow to calculate both the principal debt amounts by groups and loan payments directly only on the basis of the transition probabilities matrix. As shown above, in this model, the ows of payments on the portfolio are described in the form of a random process that depends on the Markov chain. Note that even with approximately the same amounts of loan contracts, the dynamics of portfolio shares by the number of loans x i (t) and by amounts of the principal debt x D i (t) are signicantly dierent, because, for example, the principal debt for loans of the rst group is reduced at each step while maintaining the number of loans in this group, and the amount of the principal debt in the problem group changes only when the number of loans is changed. 
Calculation of Payment Flows on Real Data
The question on the accuracy of the presented model deals with the adequacy of the Markov chain model and the accuracy of the transition probabilities estimates, as well as with a correct description of the payments ow, occurs when a loan is transferred from group to group. Above we have assumed that the transfers of loans from a group to a group are described by a model of the simple Markov chain with a constant transition matrix. As we have noted above, the statistical verication of the assumption often does not conrm the hypothesis, and the matrix of transition probabilities is not precisely given. Nevertheless, the analysts use a model of the simple Markov chain in order to forecast the portfolio risk, because the model is quite simple and gives realistic medium-term forecasts.
In the papers [10, 19] , the methods of forecasting both the portfolio risk (the shares of problem loans) and the level of required reserves, taking into account the incompleteness of information on transition probabilities, were proposed.
The rst method is based on the use of statistical estimates of the probabilities by the observed frequencies. The method consists of constructing condence estimates for the risk based on condence estimates of the transition probabilities or using simulation modelling. The simulation method can also be used to estimate the expected portfolio return on the basis of the obtained relations (12) (14), (17) in order to forecast the ow of payments for a given transition matrix.
The second method describes the incompleteness of information in the dynamic system (3) within the framework of the theory of control and observation under conditions of uncertainty [16] . We assume that information on the matrix of transition probabilities P consists in the given set of possible values P ∈ P, where P is a set of admissible values of the matrix elements {p ij } in the space with corresponding dimension taking into account the restrictions on the transition probabilities:
In order to analyze the accuracy of the forecast of expected portfolio return, the second method was chosen. The ow of payments for the sub-portfolio of consumer loans (N ≈ 40000), was forecasted. The calculations were based on data for January, 2014 December, 2015 (24 months), that is, in the period of relative instability of the nancial market. The forecast was conducted for the period until June, 2016. The average interest rate on loans was 25%, the contract period was 3 years, and discounting factor was equal to 8% per annum.
Based on the statistical data, the uctuations in the observed migration coecients (frequencies) w ij (t) were analyzed. On the basis of the analysis, a condence set P 1 is generated for the possible values of the elements of the transition probabilities matrix P . The transition probabilities estimates based on the data on transitions in 2016 fell into the obtained set.
Based on the data 20142015 and by the simple moving average method [13] , the matrix of transition probabilitiesP = {p ij } was estimated and the set P of possible values of transition probabilities was calculated taking into account both the restrictions (20) and the fact that some transitions are not carried out in the system, for example p 5j = 0, j = 1, . . . , 4, p 13 = 0. Using the matrixP , the expected net present value of the portfolio B(T,P ) = N P V (T ) was forecasted for T = 36 months by the formulas (12) (14) , (17) , where the initial moment is January 2014.
The calculations showed that the portfolio is unprotable for the considered discounting rate 8% per annum: N P V (36) = −0, 042A, where A = A(0) is an amount of issued loans. Without discounting (for r = 0), the expected return is N P V 0 (T ) = 0, 07A, which also can not be considered as a good indicator taking into account the ination and the duration of the period, T = 36 months.
In connection with the uctuations in the transition probabilities, an analysis on sensitivity of B(T, P ) = N P V (T ) to relatively small changes in the transition probabilities was carried out. The calculations were carried out using the MathCad package for the calculated matrix of transition probabilitiesP . Also, the inuence of changes in the transition probabilities within the set P was studied.
The calculations show that for all matrices P ∈ P the restrictions |p ij −p ij | ≤ 0, 02, i, j = 1, . . . , k hold, and the greatest inuence is given by the probabilities p 12 (for transition from the rst group to the second one) and p 45 (for transition from the problem group to the "repaid loans" group), and, in the analyzed portfolio, the output from the problem group occurred mainly by cancellation. We obtain the following dependence that fairly accurate describes behavior of the expected net present value for T = 36 with a change in the transition probabilities: B(T,P + ∆P ) ≈ −0, 042A + (2, 2∆p 45 − 0, 3∆p 12 )A. Based on the analysis, we formulate the following recommendations: either strenuously work with the problem loans, or restructure the loan portfolio. These recommendations do not contradict the conclusions obtained in the department of risk analysis.
Note that the considered model of payment ows is a simplied model of a real process, because it does not take into account early payments of the loan part, which are random, as well as nes and penalties for late payments. These features may be taken into account in the further development of the model. In addition, for analysis, we choose a simplied scheme to devide the loan portfolio into groups, although usually banks use more groups. The construction of the model is primarily aimed at developing the method to describe the payment ow as a random process, depending on the simple Markov chain.
Conclusion
We propose the method to describe payment ows for the portfolio of homogeneous loans. We assume that a change in the portfolio structure is described by the discrete Markov chain. We obtain the mathematical model of net present value in the form of the multistep Markov process. The model can be rened and complicated for a more complete accounting of all payments on loans, including early cancellation of the debt part, payment of penalties and nes for delayed payments, etc.
The problem of forecasting the expected return from the issuance of loan is reduced to the problem of estimating the statistical moments of the Markov process. The proposed approach can be used to develop algorithms of forecasting the payment ows in the case of issuance of consumer loan, for estimating the numerical characteristics of the return (N P V , IRR) in the conditions of incomplete information on transition probabilities, and also for obtaining mathematical methods to control the issuance of loan.
